Upper bound for isometric embeddings ~^ 

Yu. 1. Lyubich 

Abstract 

The isometric embeddings i^j^ £p.-g_ (m > 2, p G 2N) over a field 
K G {R, C, H} are considered, and an upper bound for tlie minimal n is 
proved. In the commutative case (IK 7^ H) the bound was obtained by 
Delbaen, Jarchow and Pelczynski (1998) in a different way. 

Let K be one of three fields M,C,H (real, complex or quaternion). Let K" 
be the K-linear space consisting of columns x — [^i]", (,i G K, with the right 
(for definitencss) multiplication by scalars a £ K. The normed space i^.-g^ is K" 
provided with the norm 

/ n \ Vp 



For p = 2 this space is Euclidean, ||x||2 = ■\/ {x, x), where the inner product 
(x, y) of X and a vector y = [77^]" is 

n 

{x,y) = ^£,i-n^- 

An isometric embedding ^^jj — » ^p.jj, 2 < m < n, may exist only if p G 
2N — 2, 4, 6, . . ., see |3] for IK = M and [4] for any K. Conversely, under these 
conditions for m and p, there exists an n such that can be isometrically 
embedded into £^.^, see |6] (and also [3 [7]) for K = K,' [2] for K = C, and [J 
for IK = H, C and M simultaneously. The proofs of existence in these papers 
also yield some upper bounds for the minimal n — NTs^{m,p). According to [1], 
these bounds can be joined in the inequality 

NK{m,p) < dim^K{m,p), (1) 

where $k(™,p) is the space of homogeneous polynomials (forms) (pix) over R 
of degree p in real coordinates on K™ such that 4>{xa) — cj){x) for all a G K, 
\a\ = 1. For K = R the latter condition is fulfilled automatically since p G 2N, so 
$R(m,p) consists of all forms of degree p on R™. The space $c(w,p) coincides 
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with that which was used in [2]. Note that in all cases dim$K('7i,p) can be 
explicitly expressed through binomial coefficients. (All the formulas are brought 
together in [H Theorem 2].) 

In the present paper we prove that 

A^k(to,p) < dim$K(TO,p) - 1. (2) 

For IK = M and C this result (in terms of binomial coefficients) was obtained by 
Delbaen, Jarchow and Pclczynski [T] as a by-product of the proof of their The- 
orem B. Their rather complicated technique essentially uses the commutativity 
of the field K, so it is not applicable to IK = H. Our proof of ([2]) is general and 
elementary. Let us start with two lemmas, the first of which is well known. 

Lemma 1. A linear mapping f : iJ^-g^ —>■ £'^.^ is isometric if and only if there is 
a system of vectors Uk G ^™K' ^ ^ k < n, such that the identity 



fc=l 



\{uk,x)Y' ^ {x,xY/^ (3) 



holds for X e ^2 



Proof. A general form of / as a linear mapping is fx = [{u}~, a;)]", where {uk)i 
is a system of vectors from ^"jj (called the frame of / [HIS])- The identity ^ 
is nothing but — \\x\\2. □ 

An isometric embedding i^^.jj is called minimal if n — N]^(m,p). 

Lemma 2. /// is minimal and (uk)" is its frame then the functions \ {uk,x)\P 
are linearly independent. 



Proof. Let 



fc=i 



ujk\{uk,x)\'' = (4) 



with some real a;^, maxa;^ — 1, and let ujn = 1 for definiteness. By subtraction 

k 



of (gl) from (O we get 



n-l 

Y,{^-^k)\{uk,x)\p^{x,xr/\ 
fc=i 



I.e. 

E 

k=l 



\{vk,x)\p = {x,xr^\ 



where Vk = Uk (1 — tOk)^^^ . This contradicts the minimality of /. □ 

Remark 3. Since all functions belong to <i>K(m-,p), the inequality H]) 

immediately follows from Lemma [H However, the existence of an isometric 
embedding £^.^ is assumed in this context. 
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Now we proceed to the proof of 

Proof. Let / : ~^ ^p-K be a minimal isometric embedding. Then, according 
to ([1]), n < dim^]j^{m,p). We have to prove that the equahty is impossible. 

Suppose to the contrary. Then the system {\{uk,x)\P)" corresponding to 
the frame of / is a basis of $k("t.,p) by Lemma [51 In particular, there is an 
expansion 

P/2 

!Aj|CiM =^ak{Xi,...,Xm)\{uk,x)\P, (5) 

k=l 

where (A^)™ G M™ and ak are some functions of these parameters. 
Now we introduce the inner product 

(01,02)= / 0l(x)02(x) dcr(x) (01, 02 e $k(to,p)) 

Js 

where a is the standard measure on the unit sphere S C In the Euclidean 
space 'l>K(m,p) we have the basis {9k{x))" dual to {\{uk,x)\P)^. This allows us 
to represent the coefficients ak as 

p/2 

afc(Ai, . . . , Am) = / I VAilCiM 9k{x)da{x). 



Hence, afc(Ai, . . . , Am) are forms of degree p/2, a fortiori, they are continuous. 

Denote by the open coordinate cone in M'", so = {iK)T ^ 1^'" : 
Ai > 0, Am > 0}. We prove that on M™ all afe(Ai, . . . , Am) > or equiva- 
lently, a(Ai, . . . , Am) = ininafe(Ai, . . . , Am) > 0. Suppose to the contrary: let 

k 

a(7i, . . . ,7m) < for some (7i)™ C R™. On the other hand, a(l, . . . , 1) = 1 
by comparing ([3]) to ([5]) with all A^ = 1. Since d is continuous, we have 
a{fii , . . . , fim) = for some (/x^)™ C M+. But the latter means that all 
Ukini, ■ ■ ■ , tJ-m) > and, at least one of them is zero, say a„(/^i, . . . ,/J.m) — 0. 
Therefore, 

/ rn \ P/2 n-1 

I ^fJ-tl^tl"^ ] = ^akifJ-i, . . .,^J.m)\{uk,x)\P, 
\i=l / k=l 



whence 



where 



{z,zr/' = j2\{vk,zw, (6) 



fe=i 



Z^Vx, Vk ^ [akipi, ■ ■ ■ ,tJ-m))^^^1^ ^ 



Uk 



and V is the diagonal matrix with entries /i}^^, . . . , ^m^. By Lemma [T] the 
identity ^ means that the system (wfc)""^ is the frame of an isometric em- 
bedding ^p K^- This contradicts the minimality of n. As a result, all 
afe(Ai, . . . , Am) > for Ai > 0, . . . , Am > 0, i.e. on the closed coordinate cone. 
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Now we take = 1 and = for all i > 2, so x — ei, the first vector from 
the canonical basis of ^"jj. In this setting ([5]) reduces to 

k=l 

(Recall that m > 2.) This yields 

n 

afc(0, A2, . . . , Xm,)\{uk, ei)\P = 0. 

fe=i 

Assume all (w/t, ei) 7^ 0. Since for A2 > 0, . . . , > all afc(0, A2, . . . , Am) > 0, 
all of them are equal to zero. Hence, the right side of the identity ([5]) vanishes 
as long as Ai = 0, in contrast to the function on the left side, a contradiction. 
To finish the proof we only have to show that the assumption (uj,,ei) ^ 0, 
1 < fc < n, is not essential. 

First, note that all Uk 0, otherwise, the number n in ([3]) would be reduced. 
Therefore, the sets {x : {uk,x) = 0}, 1 < fc < n, are hyperplanes in ^"k- Their 
union is different from the whole space. Hence, there is a vector e such that 
all (Mfc,e) 7^ 0, ||e||2 = 1. This e can be represented as e = gei where g is an 
isometry of the space l^^. Indeed, this space is Euclidean, so its isometry group 
is transitive on the unit sphere. Thus, all {g~^Uk,ei) ^ 0. On the other hand, 
{9~^Uk)i is the frame of the isometric embedding fg : i"!^.^. □ 

References 

[1] F. Delbaen, H. Jarchow, and A. Pelczyhski, Subspaces of Lp isometric to 
subspaces of lp, Positivity 2 (1998), no. 4, 339-367. 

[2] H. Konig, Isometric imbeddings of Euclidean spaces into finite- dimensional 
Ip-spaces, Banach Center Publ., vol. 34, Polish Acad. Sci., Warsaw, 1995, 
pp. 79-87. 

[3] Yu. I. Lyubich, The boundary spectrum of contractions in Minkowski spaces, 
Sibirsk. Mat. Z. 11 (1970), 358-369, English Transl., Siberian Math. J. 11 
(1970), no. 2, 271-279. 

[4] Yu. I. Lyubich and O. A. Shatalova, Isometric embeddings of finite- 
dimensional Ip-spaces over the quaternions, St. Petersburg Math. J. 16 
(2005), no. 1, 9-24. 

[5] Yu. I. Lyubich and L. N. Vascrstein, Isometric embeddings between classical 
Banach spaces, cubature formulas, and spherical designs, Geom. Dedicata 
47 (1993), no. 3, 327-362. 

[6] V. D. Milman, A few observations on the connections between local theory 
and some other fields. Geometric aspects of functional analysis (1986/87), 
Lecture Notes in Math., vol. 1317, Springer, Berlin, 1988, pp. 283-289. 



4 



[7] B. Rcznick, Sums of even powers of real linear forms, Mem. Amer. Math. 
Soc. 96 (1992), no. 463. 

Address: 

Department of Mathematics, 
Technion, 32000, 
Haifa, Israel 

email: lyubich@tx.technion.ac.il 



5 



